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Alternative theories of gravity and the parameterized deviation approach allow black hole solutions to have
additional parameters beyond mass, charge and angular momentum. Matter fields could be, in principle, affected
by the additional parameters of these solutions. We compute the absorption cross section of massless spin-0
waves by static Konoplya-Zhidenko black holes, characterized by a deformation parameter introduced in the
mass term, and compare it with the well-known absorption of a Schwarzschild black hole with the same mass.
We compare our numerical results with the sinc approximation in the high-frequency limit, finding excellent
agreement.
I. INTRODUCTION
Among General Relativity (GR) predictions, stands out one
of the most fascinating objects of Modern Physics — the black
holes (BHs) — which are described by a one-way membrane,
called event horizon. BH physics has been based in a set
of theorems that establishes their simplicity — the no-hair
theorems [1–3]. Along the years, experimental efforts have
been made to test the validity of the no-hair theorems [4–6],
and, so far, no experimental data has contradicted the no-hair
paradigm.
Regardless the excellent agreement of GR with experi-
ments [7, 8], some extensions of GR have been proposed as
alternative theories of gravity, with their corresponding BH
solutions. In this context, it is interesting to compare each of
these modified BH solutions with the well-known BHs of GR.
Moreover, BHs could be described by an unknown gravity
theory, and recently Johannsen and Psaltis introduced a para-
metric deviation approach [9], without specifying the dynam-
ical equations which would replace the Einstein ones. This
strategy avoids, for instance, some limitations of the origi-
nal bumpy BH approach [10–12]. Among the parametric de-
formed solutions that emerged, Konoplya and Zhidenko pro-
posed a Kerr-like solution, introducing a parametric deforma-
tion in the mass term, keeping the asymptotic behavior of the
Kerr spacetime, but changing how the mass of the BH influ-
ences the event horizon vicinity [13].
Among the developments in the study of fields in the
vicinity of BHs, the absorption of waves plays an important
role [14–16]. It is well-known that the absorption process is
related to the BH parameters, namely the mass, electric charge
and angular momentum [17–23]. However, deformed BH so-
lutions present additional parameters, that can, in principle,
also modify the absorption process. The investigation of how
the additional parameters influence the absorption, enables us
to better understand the interactions of the deformed BH with
fields, allowing us to compare them with the GR BH solutions.
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In this letter we take a first step in the analysis of the absorp-
tion of waves by deformed BHs, considering the static version
of the Konoplya-Zhidenko BH (KZBH), aiming to understand
the role played by the deformation parameter in the absorp-
tion process. We compute the scalar absorption by the static
Konoplya-Zhidenko BH (SKZBH). The remaining of this let-
ter is organized as follows. In Sec. II we present the SKZBH
and explore some properties of this spacetime. In Sec. III
we consider the massless spin-0 field in the surroundings of
a SKZBH and study its dynamics. In Sec. IV we analyze the
absorption cross section of the massless scalar field. In Sub-
sec. IV A we briefly discuss the numerical approach we used
to obtain the absorption cross section, and show our results in
Subsec. IV B. We conclude with our final remarks in Sec. V.
We use the natural units G = c = ~ = 1, and signature
(+−−−).
II. STATIC KONOPLYA-ZHIDENKO BLACK HOLE
Let us first consider a Schwarzschild BH line element with
mass M , namely
ds2s = fs(r)dt
2 − 1
fs(r)
dr2 − r2dΩ2, (1)
where fs(r) ≡ 1− 2M/r and dΩ2 ≡ dθ2 + sin2 θdφ2 is the
line element of a unit sphere. We can introduce some paramet-
ric deformations in the mass term M [13], as a power series
of 1/r, namely
M →M + 1
2
∞∑
i=0
ηi
ri
. (2)
This changes the fs(r) function as
fs(r)→ 1− 2M
r
−
∞∑
i=0
ηi
ri+1
, (3)
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2so that the line element becomes
ds2PD =
(
1− 2M
r
−
∞∑
i=0
ηi
ri+1
)
dt2
−
(
1− 2M
r
−
∞∑
i=0
ηi
ri+1
)−1
dr2 − r2dΩ2. (4)
Some constraints can be imposed to the parameters ηi. In
order to do it, we look for the asymptotic limit of Eq. (4). Far
from the central object, the line element reduces to
ds2PD
∣∣∣
r 2M
≈
(
1− 2M
r
− η0
r
− η1
r2
)
dt2+
−
(
1− 2M
r
− η0
r
− η1
r2
)−1
dr2 − r2dΩ2.
(5)
Therefore, if one seeks to obtain the same behavior of the
Schwarzschild line element (1) in the far field limit, the con-
dition η0 = 0 must hold. The constraint in the parameter η1
is obtained by the parameterized post-Newtonian (PPN) ap-
proach [24], for which the asymptotic spherically symmetric
spacetime has the form [9]
ds2PPN
∣∣∣
r 2M
= A(r)dt2 −B(r)dr2 − r2dΩ2, (6)
where
A(r) ≡ 1− 2M
r
+ 2(β − γ)M
2
r2
, (7)
B(r) ≡ 1 + 2γM
r
, (8)
with β and γ being PPN parameters.
From Cassini experiments [25] and the experimental data
of Lunar Laser Ranging [26] we have
|β − γ| 6 2.3× 10−4, (9)
so that,
η1
2
6 2.3× 10−4. (10)
Hence, we assume that the term containing the deforma-
tion parameter η1 is negligible and set η1 = 0, so that the
asymptotic form of the deformed line element reduces to the
Schwarzschild line element. Taking into account the previous
arguments, we keep a single deformation in the mass term M ,
following Konoplya and Zhidenko [13] procedure for the Kerr
BH, changing M as:
M →M + η
2 r2
. (11)
We note that the parametrization given by Eq. (11) is equiva-
lent to assume that ηi = η δi 2 in Eq. (2).
We call η the Konoplya-Zhidenko (KZ) deformation pa-
rameter. With the change (11), the f(r) function becomes
fKZ(r) ≡ 1− 2M
r
− η
r3
, (12)
Re(r2)Im(r2)
-1.5 -0.75 0 0.75 1.5-1
-0.5
0
0.5
1
η
r
2/M
FIG. 1. The real and imaginary parts of the solution r2, given by
Eq. (16). For positive values of η, the solution has a non-vanishing
imaginary part. Although for negative values of η the solution r2 has
a vanishing imaginary part, the real part is negative, and therefore r2
does not represent a radius.
associated to the line element of the SKZBHs, namely
ds2 =
(
1− 2M
r
− η
r3
)
dt2
−
(
1− 2M
r
− η
r3
)−1
dr2 − r2dΩ2. (13)
If the KZ deformation parameter vanishes (η = 0), Eq. (13)
reduces to the well-known Schwarzschild line element (1). It
is important to notice that the line element (13) does not rep-
resent a solution of the Einstein’s equations.
The event horizon location of the SKZBH, with deforma-
tion parameter η, can be obtained evaluating
grr = fKZ(r) = 0, (14)
resulting in a cubic equation, having three different solutions
ri [27], namely
r1(η) =
1
3
(
2M +
4 3
√
2M2
A(η)
+
A(η)
3
√
2
)
, (15)
r2(η) =
1
3
(
2M − 2
3
√
2(1 + i
√
3)M2
A(η)
− (1− i
√
3)A(η)
2 3
√
2
)
,
(16)
r3(η) =
1
3
(
2M − 2
3
√
2(1− i√3)M2
A(η)
− (1 + i
√
3)A(η)
2 3
√
2
)
,
(17)
where
A(η) ≡ 3
√
16M3 + 27η + 3
√
3
√
32M3η + 27η2. (18)
From Fig. 1 we see that when the imaginary part of r2(η)
vanishes, its real part is negative. Therefore, the solution r2(η)
is not associated to an event horizon.
From Fig. 2 we see that when the imaginary parts of
r1(η) and r3(η) vanish, their respective real parts are non-
negative. There is a value of the deformation parameter,
ηmin = −32/27M3, such that, for η < ηmin the imaginary
3Re(r1)Re(r3)Im(r1)Im(r3)
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FIG. 2. The real and imaginary parts of the solutions r1 and r3,
given by Eqs. (15) and (17), respectively. For positive values of η,
the solution r1 has a vanishing imaginary part, while the imaginary
part of the solution r3 is non-vanishing. For ηmin < η < 0, r1 and
r3 have vanishing imaginary parts, so that the SKZBHs have two
horizons, the event horizon being the external one. For η < ηmin,
the imaginary parts of both r1 and r3 are non-vanishing. The dashed
vertical line represents η = ηmin.
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FIG. 3. The surface area of the SKZBH, given by Eq. (19), as a
function of the deformation parameter η.
parts of both r1(η) and r3(η) become non-zero. Hence, for
η < ηmin, the static KZ spacetime represents a naked singu-
larity, violating the cosmic censorship conjecture [28], and we
shall not consider it here. For values of the deformation pa-
rameter in the range−32/27M3 ≤ η < 0, the radii r1(η) and
r3(η) represent two horizons of the SKZBH, with the outer
radius, r1(η), being the event horizon. For positive values of
η, the imaginary part of r3(η) is non-zero, so that the only
horizon of the SKZBH, in this range, is the radius r1. From
here on we will label r1(η) ≡ rh(η) and assume η ≥ ηmin.
We conclude that the KZ deformation parameter η influ-
ences in the event horizon position, allowing SKZBHs with
the same ADM mass M to have different horizon radius rh.
In Fig. 3 we plot the event horizon area of the SKZBH,
A(η) = 4pir2h(η), (19)
and, we see that if we increase the deformation parameter η
the surface area of the SKZBH increases.
III. SCALARWAVES IN THE SKZBH SPACETIME
We consider a massless spin-0 field Ψ, with dynamics gov-
erned by the Klein-Gordon equation, namely
(−g)−1/2∂µ(gµν
√−g∂νΨ) = 0, (20)
where ∂µ ≡ ∂/∂xµ, and g is the determinant of the metric
with contravariant components gµν . One can separate the par-
tial differential equation (20) in a set of ordinary differential
equations, by decomposing the massless spin-0 field Ψ as fol-
lows:
Ψ(xµ) =
ψωl(r)
r
Slm(θ, φ)e
−iωt, (21)
where ω is the frequency of the scalar field. Substituting
Eq. (21) into Eq. (20), we obtain
r2
f(r)
{
ω2ψωl + f(r)
d
dr
[
f(r)
dψωl
dr
]
− f(r)
r
df
dr
ψωl
}
=
− 1
Slm
[
∂2Slm
∂θ2
+ cot θ
∂Slm
∂θ
+
1
sin2 θ
∂2Slm
∂φ2
]
ψωl. (22)
Hence, as a consequence of the spherical symmetry of the
spacetime, the angular dependence of Ψ(xµ) is given by the
scalar spherical harmonics, i.e. Slm(θ, φ) = Ylm(θ, φ), which
obey the following eigenvalue equation [29]
∂2Ylm
∂θ2
+ cot θ
∂Ylm
∂θ
+
1
sin2 θ
∂2Ylm
∂φ2
= −l(l+ 1)Ylm. (23)
From Eqs. (22) and (23), we obtain the ordinary differential
equation for the radial function ψωl(r), namely
f(r)
d
dr
[
f(r)
dψωl
dr
]
+
[
ω2 − Vl(r)
]
ψωl = 0, (24)
where Vl is the effective potential, given by
Vl(r) ≡ f(r)
r
df
dr
+ f(r)
l(l + 1)
r2
. (25)
By introducing the tortoise coordinate r?,
r? ≡
∫
dr
f(r)
, (26)
defined in the range −∞ < r? < +∞, we can rewrite
Eq. (24) as a Schro¨dinger-like equation, namely
d2ψωl
dr2?
+
[
ω2 − Vl
]
ψωl(r?) = 0. (27)
By analyzing the potential Vl(r), we can obtain the asymptotic
behavior of the radial solution when the field is close enough
to the event horizon and when the field is far away from the
BH.
In Fig. 4 we plot the effective potential (25) for non-positive
(top panel) and non-negative (bottom panel) values of the de-
formation parameter η. We notice that as we increase the
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FIG. 4. The effective potential of the SKZBH with l = 0, 1 and 2,
for non-positive (top panel) and non-negative (bottom panel) values
of the parameter η.
value of η, the peak of the effective potential decreases. We
also notice that close to the event horizon (r? → −∞) and
at the spacial infinity (r? → ∞), the effective potential van-
ishes, regardless the value of the KZ deformation parameter
η.
In these asymptotic limits (r →∞ and r → rh), the radial
equation (27) takes the form of a simple harmonic oscillator
equation, namely
d2ψωl
dr2?
∣∣∣
r?→−∞
+ ω2ψωl(r?)
∣∣∣
r?→−∞
= 0, (28)
and
d2ψωl
dr2?
∣∣∣
r?→∞
+ ω2ψωl(r?)
∣∣∣
r?→∞
= 0. (29)
The solutions of Eqs. (28) and (29) are ingoing and outgoing
waves. For our scattering problem, we consider a wave in-
coming from infinity, which is partially transmitted through
the potential barrier, being absorbed by the BH, and partially
reflected back to infinity. This scenario corresponds to the fol-
lowing boundary conditions:
ψωl(r?) ∼
{
Aine
−iωr? +Aouteiωr? , r? → +∞,
e−iωr? , r? → −∞. (30)
The reflection and transmission coefficients are related to
Rωl = Aout/Ain and Tωl = 1/Ain, respectively. Moreover,
using flux conservation, it is possible to show that they satisfy
the following relation:
|Rωl|2 + |Tωl|2 = 1. (31)
IV. ABSORPTION
A common strategy to compute the absorption cross section
of asymptotically flat static BHs consists in considering the
partial-wave approach, expanding an asymptotic monochro-
matic plane wave propagating along the z-axis, as
e−iω(t−z) = e−iωt
∞∑
l=0
(2l + 1)iljl(ωr)Pl(cos θ), (32)
where jl(ωr) are the spherical Bessel functions and Pl(cos θ)
are the Legendre polynomials. Asymptotically, the plane
wave can be written as [17]
e−iω(t−z)
∣∣∣
r→∞
=
e−iωt
2iωr
∞∑
l=0
(2l + 1)(−1)l+1 ×[
e−iωr + (−1)l+1eiωr]Pl(cos θ). (33)
Taking into account the expansion (33), we may write a scalar
wave propagating in an asymptotically flat spacetime as
φωl =
e−iωt
2iωr
∞∑
l=0
(2l + 1)(−1)l+1ψωl(r)Pl(cos θ). (34)
By requiring the scalar function (34) to obey the boundary
conditions (30) we may write, in the limit r →∞,
ψωl(r?) ∼ e−iωr? +Rωleiωr? (35)
The current jµ associated to the scalar waves can be defined
as
jµ ≡ i
2
[φ∗∂µφ− φ∂µφ∗] . (36)
Moreover, we can define the flux F through a surface Σ with
radius r, as
F = −
∫
Σ
√−g jrdΣ, (37)
where
√−g dΣ = r2 sin θdθdφ, in spherical coordinates.
Hence, considering an incident plane wave along the z-axis,
e−iω(t−z), the modulus of the incident current is
|jin| = ω. (38)
Moreover, substituting Eq. (34) into Eq. (37), and using the
orthogonality of the Legendre polynomials, namely∫
sin θdθPm(cos θ)Pn(cos θ) =
2
2m+ 1
δmn, (39)
5we obtain, for the asymptotic radial function (35), that
F = pi
ω
∞∑
l=0
(2l + 1)
(
1− |Rωl|2
)
. (40)
One can define the (total) absorption cross section σ as the
ratio between the flux going through the BH event horizon and
the modulus of the incident current, namely
σ ≡ F|jin| . (41)
By substituting Eqs. (38) and (40) in Eq. (41), and using the
relation (31), we obtain
σ =
∞∑
l=0
σl, (42)
where the σl are the partial absorption cross sections, given by
σl ≡ pi
ω2
(2l + 1)|Tωl|2. (43)
The absorption cross section has been studied in litera-
ture for a vast number of stationary BHs [14–23]. The low-
frequency behavior of the absorption of scalar fields by sta-
tionary BHs is well-known. In the zero-frequency limit the
absorption cross section goes to the surface area of the event
horizon [15, 30, 31]. The high-frequency behavior of the
scalar absorption has also been extensively studied, culminat-
ing in a nice analytical result in this regime, known as sinc
approximation [16]. De´canini et al. obtained, for an arbi-
trary static spherically symmetric BH, in the high-frequency
regime, the following analytical approximation, [32]
σhfabs = σgeo
[
1− 8piβe−piβsinc
(2piω
Ω0
)]
, (44)
where sinc z = sin z/z is the sine cardinal. The σgeo is the ge-
ometrical absorption cross section, that can be obtained study-
ing the null geodesics in SKZBH spacetimes. The β factor is
related to the Lyapunov exponent at the unstable circular or-
bits radius, Λc, and the orbital frequency, Ω0, by [33]
β =
Λc
Ω0
. (45)
A. Numerical method
In order to obtain the coefficients Tωl, we solve Eq. (28)
numerically, from near the event horizon to a sufficiently large
radius rinf , imposing the boundary conditions (30). We match
the numerical solution ψnumωl and its derivative dψ
num
ωl /dr with
the expansion at the numerical infinity rinf , obtaining a linear
system, namely

ψnumωl
∣∣∣
r=rinf
=
1
Tωl e
−iωrinf +
Rωl
Tωl e
iωrinf
dψnumωl
dr
∣∣∣
r=rinf
= −iω
(
1
Tωl e
−iωrinf − RωlTωl e
iωrinf
)
.
(46)
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FIG. 5. The transmission coefficient for some values of the deforma-
tion parameter η, for different l-modes.
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FIG. 6. The partial absorption cross section, divided by the BH area,
for some values of the deformation parameter η.
By solving the linear system (46), we obtain the numerical
value of Tωl, which we use in Eq. (43) to compute the partial
absorption cross section, and then in Eq. (42) to obtain the
total absorption cross section.
B. Results
In Fig. 5 we plot the numerical transmission coefficient for
some l-modes. We notice that, as we increase the deforma-
tion parameter η, the transmission coefficients increase, for
all values of l. We point out that in the low-frequency regime
the only significant contribution to the absorption cross sec-
tion comes from the l = 0 mode.
We plot in Fig. 6, for some values of η, the partial absorp-
tion cross section. We notice that, in the zero-frequency limit,
the absorption cross section is essentially given by σ0, and
goes to the area of the BH, in agreement with the general re-
sult obtained by Higuchi [31].
In Fig. 7, we plot the total absorption cross section for non-
positive (top panel) and non-negative (bottom panel) values
of the KZ deformation parameter η, and notice that for bigger
values of η the total absorption, divided by the area of the BH,
is smaller.
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FIG. 7. The total absorption cross section normalized by the area
of the correspondent SKZBH, for non-positive (top panel) and non-
negative (bottom panel) values of the deformation parameter η. We
notice that in the low-frequency regime, the total absorption cross
section goes to the area of the BH.
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FIG. 8. The comparison of the numerical absorption cross section
(solid curves) with the sinc approximation (dashed curves), for some
values of the deformation parameter η. The horizontal dotted lines
represent the geometrical cross section of each corresponding value
of η.
We plot in Fig. 8 the comparison between the total absorp-
tion cross section (42) and the sinc approximation (44), for
η/M3 = 1, 0 and −1. We notice that the numerical solu-
tions agree very well with the sinc approximations in the mid-
to-high-frequency limit, oscillating around the corresponding
geometrical absorption cross sections which are also plotted.
V. FINAL REMARKS
There are accumulated evidences that BHs in Nature are ro-
tating, being described by, at least, one parameter beyond their
mass: the BH angular momentum. Different parametrizations
have been proposed to describe rotating BHs in alternative
theories of gravity. We studied the SKZBH as a first approach
to understand how the additional KZ deformation parameter
influences the structure of the spacetime and its absorption
spectrum. We started reviewing the SKZBH, constructed in-
troducing a deformation in the mass term of the Schwarzschild
solution. This deformation is such that the asymptotic behav-
ior is the same as the one of the Schwarzschild BH, but with a
different location of the event horizon, so that the area of the
SKZBHs varies with the deformation parameter. We analyzed
the absorption of scalar waves by SKZBHs. We computed
numerically the total absorption cross section of a spin-0 field
for SKZBHs and compared it with the behavior found for the
well-known Schwarzschild case. We have shown that the KZ
additional parameter changes the scalar absorption, decreas-
ing the absorption cross section divided by the correspondent
event horizon area, as the value of the deformation parame-
ter is increased. We obtained that the total absorption cross
section goes to the area of the BH in the zero-frequency limit,
and in the high-frequency regime the absorption cross section
oscillates around the geometrical absorption cross section.
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